Here we discuss an effect of gravitational decoherence due to time dilation on the collective radiation dynamics of atomic system in timed single-photon Dicke states. We show that a photon absorbed by the stationary system of randomly placed stationary atoms is no more spontaneously emitted in the direction of the impinging photon. Time-dilation effect leads to broadening of the angular distribution of the emitted photon. Even for the spherically symmetric gravitational field, the broadening has specific non-symmetrical character.
I. INTRODUCTION
Nowadays, interplay of quantumness and gravity attracts a lot of attention [1] . Recently it was recognized that even weak gravitation can have rather noticeable effects on quantum interference and on quantum correlations, especially those of large systems . First of all, even in the linear approximation allowing to quantize in a standard way the gravitational field, quantum fluctuations of the gravity unavoidably lead to appearance of decoherence [3] [4] [5] [6] . Another kind of decoherence arising due to interaction of the gravitational field with a quantum particle can be captured even when considering classical gravitational field. This is so-called "timedilation decoherence" [7] [8] [9] [10] [11] [12] . The essence of this effect can be described with the simple interferometric example [11, 20] . If two interfering particles are moving through different arms of the interferometer, and these arms are subjected to different gravitational field interacting with inner degrees of freedom of the particles, the visibility of the interference measured at the output of the interferometer, would be lessened. This observable effect does not depend of the frame, and can be seen even with photons. For an entangled state of a large number of particles, this decoherence can be noticeable even near the Earth surface [9, 10] .
Here we discuss another effects stemming from interaction of a set of entangled quantum systems with classical gravity. We consider how the gravity affects creation and spontaneous decay of single timed Dicke state of an extended atomic system. Emission of a photon previously absorbed by a set of randomly placed two-level atoms demonstrates quite curious and counterintuitive effect: strictly directional emission. If a photon is absorbed by sufficiently large system of identical non-interacting two-level atoms, a collective entangled state (so called "timed Dicke state") is formed. Then, this state leads to the spontaneous emission of the photons precisely in the direction of the photon that was absorbed [23, 24] . Noticeably, the effect does not depend on positions of each particular atom. The prerequisite is to have the sum phase factors stemming from different atomic positions tending to the delta-function (which is provided by a random placement of a sufficiently large number of atoms).
In this work we show how this this effects of a directional emission is broken by gravity. Curiously, it appears that basic features of the effect is retained in the presence of gravity: a pure entangled "gravity-affected timed Dicke state" is formed after photon absorption, emitted field does not depend on the size of the atomic system. However, different time-dilation in different parts of the system leads to the broadening of the angular distribution of the emitted field. This broadening is asymmetric with respect to the direction of the gravity gradient.
The outline of this paper is as follows. In Section II we describe the process of timed Dicke states formation and spontaneous directional emission in flat time-space. Then, in Section III we consider gravitational field produced by spherically symmetric mass distribution implementing Schwarzschild metrics and introduce corrections to electromagnetic field eigenmodes produced by gravity. In Section IV we derive the effective Hamiltonian describing atom-field interaction leading to the spontaneous emission and consider the emission in the Markovian approximation. Finally, in Section V we analyse gravitational corrections to the directional emission effect and derive the angular distribution of the emitted single-photon field.
II. TIMED DICKE STATE IN FLAT TIME-SPACE
We start considering the system of N stationary identical two-level atoms (TLA) interacting in the dipoledipole and rotating-wave approximations with the modes of the electromagnetic field in homogeneous vacuum [23] . Such a system is described by the following standard Hamiltonian where ω k is the frequency of the k-th electromagnetic field mode described by the bosonic creation and annihilation operatorsq † k andq k ; ν is atomic transition frequency; r j is the position of j-atom and v k (r j ) is interaction coefficient. These constants are defined as
, where d is an atomic moment, and E k (r j ) is the modal field at the atomic position. In the flat homogeneous vacuum eigenmodes are plane waves with wave-vector k; so, index k in Eq.(1) denotes both wave-vector and polarisation. So, the Hamiltonian in the interaction picture rotating with the frequency ν can be written in the following form
We assume that our system can have no more than one photon. Thus, the general solution for the total systems state is described by the following wave-vector:
where the vector |g, 1 k describes the ground state of all the atoms and a single photon in the k-th mode of the field; |e j denotes the existed state of j-th atom and the vacuum of all the field modes. Now let us consider a preparation of an excited state of our atomic system by absorption of a photon. We assume this photon to be carried by the plane wave with the wave-vector k 0 , i.e. the initial state of the total system is
Assuming the weak coupling, we can write the evolution operator of the system as
where T ← − is the time ordering operator. Then, assuming g k τ 1 for the time of photon flight, τ , through the atomic cloud, the state of the system conditioned on the absorbtion of the photon, is
The entangled delocalized single-excitation (6) is different from the conventional Dicke state by phase factors corresponding to the different phase of the plane wave at the position of each atom. So, for this reason the state (6) was termed "the timed Dicke state" [23] . Now let us consider the way the state (6) spontaneously decays into the reservoir of the electromagnetic field modes. We assume that the distances between atoms are much larger than the resonant wavelength, and spontaneous decay of each atom occurs independently. Then, implying the Markovian approximation, one can derive the standard equation describing the wave-function of the atom-field system for j-th initially completely excited atom decaying into the vacuum of the reservoir, and get that the amplitude of having atom in the excited state decays as exp{−Γt}, where Γ is the spontaneous decay rate [25] . For times far exceeding the unverse decay rate, the field disentangles from the atom, and the asymptotic field state for the initial state (6) is
For sufficiently large N the sum of random phases in Eq. (7) gives the Dirac delta-function,
So, a surprising and counter-intuitive effect is arising. A random set of atoms excited by the plane wave travelling in a certain direction would emit the photon exactly in the propagation direction on the impinging wave. This effect is a very bright manifestation of the role of spatial correlations in the atomic ensemble. This effect was extensively discussed and studied.
We aim to consider an influence of the weak gravitation on this effect. Since gravity introduces inhomogeneity in space, it is natural to expect a deviation from the simple input-output relation discussed above, say, rotation of the emitted photon wave-vector. However, the effect of gravity goes beyond that. It leads to appearance of continuous distribution of directions instead of the deltafunction.
III. ATOM-FIELD INTERACTION IN THE PRESENCE OF GRAVITATION
Here we consider how the simple interaction considered in the previous Section is modified in the presence of weak gravitational field. We will adopt the following approach. Firstly, we consider weak gravitational field as perturbation for the Maxwell equation in a flat space and find the perturbed eigenmodes. Then, we write down the atom-field interaction Hamiltonian using these new eigenmodes.
A. The metric
We assume the standard Schwarzschild metric
where c is the speed of light, t is the time coordinate (measured by a stationary clock located infinitely far from the massive body), r is the radial coordinate, θ is the colatitude (angle from north pole of the sphere surrounding the massive body), ϕ is the longitude, and r s is the Schwarzschild radius of the massive body, a scale factor which is related to its mass M by r s = 2GM/c 2 , where G is the gravitational constant [26] .
We assume that our system of interest is located at large distance from centre of the massive body. In this case we can choose the coordinate system with axis Z directed along radial coordinate and say that space don't change along X and Y axis. So, our metric transform into:
here h(z) = 1 − r s /z, z is the distance from centre of the massive body. For the case of small Schwarzschild radius (which will hold, for example, for our Earth), one expands 1/h(z) to the first order with respect to r s . Then, one can assume that we are close to some distance z 0 . The final linearized metric can be written with help of the constant a = 2g/c 2 in the following way:
where the acceleration of the free fall is g = GM/R 2 . Eq. (10) is the weak field approximation of the Schwarzschild metric which we use in the subsequent discussion.
B. The perturbed Maxwell equations
Here we demonstrate an effect of the space curvature on solutions of the Maxwell equations. For a diagonal metrics g µµ , µ = 0, 3, one can write the wave equation for the covariant components of the electric field, E j , in the following form [27] :
where i, k = 1, 2, 3, the contraction is only on the index k, and the coefficients are given by
where g is the determinant of the metric. To see the effect of the curvature, let us write Eqs.(11) linearizing coefficients (12) with respect to z and a, obtaining
The system (13) shows that the curvature of the space leads to coupling between polarisations [27] . Also, the field changes with the distance from the gravitation source. So, emitters will interfere differently from the case of the flat space emission of timed Dicke states. Also, one should expect changes in the density of photonic states and the decay rates will become position dependent.
These simple intuitive considerations are supported by the solution of the Maxwell equations for our linearized metric. The solution of Maxwell equations in flat space is represented by
where α k is amplitude,q ks is complex amplitude, f i (k, s) is 3-vector of polarisation, k µ = {0, k} is 4-wave vector with three-space part k = {k x , k y , k z }, Θ is phase of eigenmodes of electric field. We seek the solution in curved space as a correction to the flat-space solution linear on the parameter a. It is found that for each k (0) = {k x , k y , k z } (see the Appendix):
and for 3-vector of polarisation one has
where
is the 3-vector of polarisation for the flat space.
We also can write magnetic field H i in the form similar to Eq. (14):
where r i (k, s) are the components of contravariant 3-vector
with contravariant Levi-Civita tensor ijn . Notice that here we assume that k z = 0. It is possible without much difficulties to consider a particular case k z = 0. However, we refrain from doing that for simplicity sake.
With our weak gravitation approximation, the electromagnetic wave (14) , (19) will not lose transversality:
as expected for approximation of geometric optics.
C. The field Hamiltonian
To describe the spontaneous emission process, let us quantize the field in a standard way: by replacing complex modal amplitudes in Eqs. (14) and (19) by bosonic creation and annihilation operators. Then, following Ref. [28] , the Hamiltonian can be introduced as:
where ε i = {c, 0, 0, 0} is Killing vector, f j is hypersurface and n j = {1/c, 0, 0, 0} is orthogonal vector to hypersurface,
F αβ is energymomentum tensor with tensor of electromagnetic field F µα . Eq.(22) leads to the following expression
Also, (23) matches to the Hamiltonian from optical analogy [26] :
is magnetic displacement field and γ is determinant of space part of metric (9) .
To derive the Hamiltonian, one needs carry on summation over modes and polarisation. This procedure is non-trivial only for z-coordinate. Noticeably, expansion over the a-parameter brings about the dependence on the first and the second degree of z. However, that terms are mutually cancelling.
The quantization volume in curved space acquires dependence on the metric, g ij :
where Z is position of centre of the cubic quantization volume with the edge length L. In the momentum space the element of volume is inversely proportional to the elementary volume in the coordinate space. So, an integration over the momentum space is as follows
for each polarisation vector. Discarding the vacuum energy, from Eq.(23), after some algebra one gets the Hamiltonian in following form:
where ω k (Z) = ω k (1 + a(Z − z 0 )/2) (see the Appendix for the derivation).
IV. THE DICKE STATE IN CURVED SPACE
From Eqs. (22, 26) , the Hamiltonian of just one twolevel system in the interaction picture iŝ
, r at and z at are radius-vector and z-coordinate of the two-level system. The timed Dicke state in flat space is given by (6) . The interaction Hamiltonian in the form (27) gives the following results for the atomic cloud state conditioned on the photon absorption:
where k 0 is the wave-vector of plane wave at height z 0 assumed to be a centre of the atomic cloud; Θ j is a phase of electromagnetic wave as given by Eq. (16) . The function
here the first degree of z j is appeared from modification of amplitude of electromagnetic wave (15) (real) and the second -from the modification of phase (16) (imaginary). Also in expression (28) we neglect the term with g k τ 2
in gravitational adding, because we take g k τ 1 with assuming of small τ .
V. THE SINGLE ATOM DECAY
Now let us consider changes in the spontaneous emission of an individual two-level system due to the presence of gravitational field. After applying in the usual manner the Markovian approximation, the Hamiltonian (27) leads to the following standard equation for the for the excited state amplitude [25] :
where the position-dependent decay rate is
and Γ 0 is the spontaneous decay rate at the point z 0 . Thus, we are getting the following solution for the amplitudes of single-photon states
Eqs. (32) shows the manner of the gravitation dephasing of timed Dicke states: both phases and amplitudes of each single-photon component of the emitted state will not add up as it was for the timed Dicke state in the flat space.
VI. THE DEPHASING
Now let us see how the position-dependence given by Eqs.(32) influence the angular distribution of the emitted field. So, from the amplitudes (32), for t → ∞ up to the terms of the second order on the constant a, the state of the emitted photon can be written as
Integrating over the positions of atoms homogeneously distributed in the large volume V 0 , and taking into account Eq. (24), one obtains the following expression for the wave-function at the point Z:
Notice that the functions F describing the generated timed Dicker state deviation from its flat-space analogy, do not contribute to the expression (34). As it should be expected, the components of the wave-vector along x and y axes do not change. Up to the terms of the second order on the constant a, Eq. (34) leads to
where for Γ 0 ν we have
Eq.(35) gives us the expected coincidence of propagation directions for impinging and emitted photons for flat space, lim
For the non-zero curvature (a = 0), we have a finite width distribution of directions around the vector k z0 . Thus, the spread of wave-vectors around the wave-vectors of the impinging photon is defined by the quantity aν/Γ 0 cos θ 0 , here θ 0 is the angle between z-direction and k 0 . Notice that this spread is asymmetric. The photon tends to deviate toward the large gravitational field. Also, not only the emission direction is "blurred". The photon energy is changed, so the external observer will see the superposition of photon wave-packets with different frequencies lower than the original one, with the width of this frequency spread being
Eq.(36) demonstrates that indeed the gravitation may influence quantum interference in the process of spontaneous emission of a delocalized collective singleexcitation state. As the result, for the emitted field this influence looks like dephasing. Of course, it is not large. Near the Earth surface, for typical values of the spontaneous emission rate Γ 0 = 10 8 Hz, for optical frequencies ν ≈ 10 15 Hz, the frequency spread (36) is about several Hz. But near the stronger gravitating bodies (especially in the vicinity of black holes) this effect will be considerably more pronounced.
Thus, even classical gravitation do affect the quantum interference in a destructive way.
CONCLUSIONS
We have considered here the process of creation of the timed Dicke states in the presence of weak gravitational field, and emission of these states. In difference with the flat space, the the ensemble of randomly placed two-level atoms does not emit the photon in the direction of the photon that was absorbed. Gravitation lead to appearance of an asymmetric distribution of directions. The photon is not unexpectedly deviating toward the large gravity. But also the photon frequency appears to by changed. nstead of just one plane way, one has a superposition of single-photon wave-packets with different frequencies. So, even a classical gravitation affects quantum interference producing something close to the decoherence effects so ubiquitous in the quantum world.
where C j is some complex constants (the first integrating constant) and we ignore term ∝ exp{2ik z z} (the second integrating constant is supposed be equal to zero). The same real part in (A2)-(A4) interprets as amplitude modification (15) , the same imaginary -as phase modification (16) , all that's left is modification of polarisation vector. To determine constants C j we use the Gauss' law [27] , that in metric (10) looks as ∂ x E x + ∂ y E y + (1 + a(z − z 0 )) ∂ z E z = 0.
Its solution allows us to take C 1 = C 2 = 0, and
